Abstract: Galactic mass consistent with luminous mass is obtained by fitting rotation curves (RC = tangential velocities vs. equatorial radius r) using Newtonian force models, or can be unambiguously calculated from RC data using a model based on spin. In contrast, mass exceeding luminous mass is obtained from multi-parameter fits using potentials associated with test particles orbiting in a disk around a central mass. To understand this disparity, we explore the premises of these mainstream disk potential models utilizing the theorem of Gauss, thermodynamic concepts of Gibbs, the findings of Newton and Maclaurin, and well-established techniques and results from analytical mathematics. Mainstream models assume that galactic density in the axial (z) and r directions varies independently: we show that this is untrue for self-gravitating objects. Mathematics and thermodynamic principles each show that modifying Poisson's equation by summing densities is in error. Neither do mainstream models differentiate between interior and exterior potentials, which is required by potential theory and has been recognized in seminal astronomical literature. The theorem of Gauss shows that: (1) density in Poisson's equation must be averaged over the interior volume; (2) logarithmic gravitational potentials implicitly assume that mass forms a long, line source along the z axis, unlike any astronomical object; and (3) gravitational stability for three-dimensional shapes is limited to oblate spheroids or extremely tall cylinders, whereas other shapes are prone to collapse. Our findings suggest a mechanism for the formation of the flattened Solar System and of spiral galaxies from gas clouds. The theorem of Gauss offers many advantages over Poisson's equation in analyzing astronomical problems because mass, not density, is the key parameter.
Introduction
Constraints imposed by initial or boundary conditions under any given law of physics provide a framework that dictates the form of the appropriate mathematical solution. Unfortunately, simplifying assumptions in models can negate this essential connection. The geometrical nature of boundary conditions permits quantitative evaluation. For example, permissible periodic vibrations of molecules and crystalline solids are restricted by symmetry constraints imposed by group theory [1] . Because harmonic oscillations are related to circular orbits [2] , symmetry can be likewise used to evaluate orbital models. Furthermore, shape being related to symmetry permits qualitative evaluation through visualization.
Newton's law is spherically symmetric: yet, axisymmetric disk geometry is currently assumed in most models of the periodic, circular, rotational motions observed for gravitationally-bound galactic interiors, e.g., [3] [4] [5] [6] [7] [8] . The coin shape has been the focus in galactic dynamics since 1964 [3] after Perek [9] declared, without proof and erroneously [10] , that density (ρ) variations in the oblate spheroid shape required for spinning bodies [11] are independent in the z and r directions (the vertical distance along Data sources are [36, 37] . These data focus on the areas far from galactic centers. Hurricanes and spiral galaxies have null central velocities, as required for spin.
Because force calculations and spin models both point to galactic mass being baryonic, it is worth investigating the mathematical constructs of mainstream RC models: these utilize Poisson's equation under the assumption that obits of test particles describe rotation curves. Our concern is the possible existence of systematic errors, which can only be evaluated through analytical mathematics and physical principles.
Evaluating RC models requires delving into geometry, because shape and symmetry govern the moment of inertia, which is key to quantifying kinetic energy, angular momentum, torque, work and power [2] . We exploit the theorem of Gauss and find that unrecognized stipulations exist on density in mainstream models. This mathematical result is important due to wide-spread use of Poisson's equation. Moreover, the theorem of Gauss offers a great advantage due to its dependence on interior mass, which is directly tied to the total energy stored in the motions of the constituent stars and gas. Furthermore, fewer integrations are required, which reduces uncertainties. This paper focuses on the mathematical physics of self-gravitating objects. For the prevalent numerical calculations to be correct, the underlying analytical equations must be valid. Another numerical study that involves fitting data cannot resolve the issues discussed above. Instead, the need is to carefully examine the analytical formulae on which mainstream models are based. Section 2 provides background material. This includes calculating the mass for all 356 galaxies for which data exist on both RC and luminosity, using our spin model of (1). Section 3 explores problems arising in applying Poisson's equation, based on mathematics and physics books. Section 4 uses the theorem of Gauss to estimate vertical gravitational instability of popular cylindrical geometries. Section 5 applies our mathematical results to the formation of the Solar System from a dusty nebula, based on [38, 39] . Differential spin is explored in a companion paper [40] , which derives the interior potential for nested homeoidal shells and determines ρ(r) from v(r) and the aspect ratio only for 51 galaxies. Another paper derives exterior potentials for oblate spheroids with varying internal density, provides numerical confirmation and applies these to planets [41] .
Implications of Geometry on Internal Motions of Spiral Galaxies

Background: Synopsis of RC Models
Existing RC models use the cylindrical coordinate system, which is a likely source of problems. The term "thick disk" is used to describe galaxy geometry, meaning a coin shape or a short cylinder; whereas "thin disk" is used to describe the concentration of matter in the equatorial plane. In actuality, the z-dependence is not used to fit v because v is determined as a function of r only from the Doppler measurements. The obvious reason is circular motions are assumed in order to analyze the Doppler data, which are a two-dimensional projection of motions in three-dimensions.
The physical picture in available RC disk mass models is that of orbiting test masses ( Figure 2a ). Early studies, which are the basis of all models [6] , assume that the gravitational and centrifugal forces balance (Section 2.5). A modification of Poisson's equation (after [30] ) is currently used to provide the gravitational potential for an axially symmetric, but non-spherical shape assuming various density distributions, and this result is used to ascertain v through a force balance. A few models begin by assuming a logarithmic form for the potential [6] . arising in applying Poisson's equation, based on mathematics and physics books. Section 4 uses the theorem of Gauss to estimate vertical gravitational instability of popular cylindrical geometries. Section 5 applies our mathematical results to the formation of the Solar System from a dusty nebula, based on [38] and [39] . Differential spin is explored in a companion paper [40] , which derives the interior potential for nested homeoidal shells and determines ρ(r) from v(r) and the aspect ratio only for 51 galaxies. Another paper derives exterior potentials for oblate spheroids with varying internal density, provides numerical confirmation and applies these to planets [41] .
Implications of Geometry on Internal Motions of Spiral Galaxies
Background: Synopsis of RC Models
The physical picture in available RC disk mass models is that of orbiting test masses ( Figure 2a ). Early studies, which are the basis of all models [6] , assume that the gravitational and centrifugal forces balance (Section 2.5). A modification of Poisson's equation (after [30] ) is currently used to provide the gravitational potential for an axially symmetric, but non-spherical shape assuming various density distributions, and this result is used to ascertain v through a force balance. A few models begin by assuming a logarithmic form for the potential [6] . Configurations relevant to rotational motions of spiral galaxies. (a) View down the z axis of a satellite (black dot, mass m) orbiting outside an axisymmetric body with mass M and body radius R that is smaller than the orbital radius r. The Keplerian orbital velocity equation listed presumes a spherical body, resulting in the independence of v on m. (b) View down the z axis of a satellite orbiting inside a gassy body. The satellite displaces a volume of gas at r corresponding to mass ∂M, but need not have this exact mass or corresponding ρ. Orbits are also Keplerian if the body is spherically symmetric and the satellite is relatively small, because the spherical mass outside the orbit (Mout) does not have an effect, presuming small m that negligibly perturbs the system. (c) Side view of a satellite orbiting a large, spinning body with oblate symmetry and homogenous density. Equatorial spin (from the Virial theorem [39] ) exceeds that of a Keplerian orbit, whereas the poles are stationary, showing that rotational energies are distributed differently in spin than in orbits. (d) Schematic for application of the theorem of Gauss to an orbit of a satellite m at radius r about an infinite line (heavy arrows) with a given linear density. Height b from the equatorial plane (dotted curve) is immaterial, which shows that the orbits define hollow cylinders. (e) Schematic illustrating that different formulations are needed for masses inside vs. outside of a boundary. The dashed line represents the volume used to ascertain the force on some moon due to its proximal sun and planets. Additional forces from more distant star systems are computed using the dotted and long-dashed line enclosures. If the force on distant mass m4 is computed for all stars and planets, which requires the solid perimeter, then the mass of the moon is part of the interior mass. Configurations relevant to rotational motions of spiral galaxies. (a) View down the z axis of a satellite (black dot, mass m) orbiting outside an axisymmetric body with mass M and body radius R that is smaller than the orbital radius r. The Keplerian orbital velocity equation listed presumes a spherical body, resulting in the independence of v on m. (b) View down the z axis of a satellite orbiting inside a gassy body. The satellite displaces a volume of gas at r corresponding to mass ∂M, but need not have this exact mass or corresponding ρ. Orbits are also Keplerian if the body is spherically symmetric and the satellite is relatively small, because the spherical mass outside the orbit (M out ) does not have an effect, presuming small m that negligibly perturbs the system. (c) Side view of a satellite orbiting a large, spinning body with oblate symmetry and homogenous density. Equatorial spin (from the Virial theorem [39] ) exceeds that of a Keplerian orbit, whereas the poles are stationary, showing that rotational energies are distributed differently in spin than in orbits. (d) Schematic for application of the theorem of Gauss to an orbit of a satellite m at radius r about an infinite line (heavy arrows) with a given linear density. Height b from the equatorial plane (dotted curve) is immaterial, which shows that the orbits define hollow cylinders. (e) Schematic illustrating that different formulations are needed for masses inside vs. outside of a boundary. The dashed line represents the volume used to ascertain the force on some moon due to its proximal sun and planets. Additional forces from more distant star systems are computed using the dotted and long-dashed line enclosures. If the force on distant mass m 4 is computed for all stars and planets, which requires the solid perimeter, then the mass of the moon is part of the interior mass.
Background: The Equilibrium Shape of Rotating, Gravitating Objects under Newtonian Physics
Newton and Maclaurin showed that the oblate spheroid was the equilibrium shape of a large, spinning, gravitational body [11] . Their force balance is in reference to the non-spinning sphere being in equilibrium. This oblate shape has been confirmed for the Earth, despite the presence of additional forces associated with tidal friction and solid body deformation, which were not accounted for by Newton or Maclaurin. This shape is furthermore evident in images of the Sun and gas giants. Although the triaxial ellipsoidal shapes of Jacobi are permissible [42] , the ostensibly circular motions in spiral galaxies indicate the higher symmetry of the oblate suffices.
The geometry of an oblate spheroid (Figure 2c ) is described by the ellipticity (e), which relates the minor axis (c) to the major (a):
When e = 0, the object is a sphere. When e = 1, the object is a discoid with no thickness that extends to infinity. The latter differs substantial from disk geometry and cannot rotate because an object with finite mass, finite ω and infinite radius would possess infinite rotational energy. Hence, rotation at the limit e = 1 is disallowed.
Perek's Error
Historic deductions that galaxies have spheroidal shapes [31] have been subsequently confirmed by images and light contours at wavelengths from the visible to radio (Figure 3 ; [20, 33, 43] ). However, because formulae for attraction of an exterior test point to the oblate spheroid in cylindrical coordinates are complicated [44] and because RC data only provide the radial component, Perek's [9] declaration that density in the z direction is independent of that in the r direction was incorporated in modelling circa 1964. 
Background: The Equilibrium Shape of Rotating, Gravitating Objects under Newtonian Physics
Perek's Error
Historic deductions that galaxies have spheroidal shapes [31] have been subsequently confirmed by images and light contours at wavelengths from the visible to radio (Figure 3 ; [20, 33, 43] ). However, because formulae for attraction of an exterior test point to the oblate spheroid in cylindrical coordinates are complicated [44] and because RC data only provide the radial component, Perek's [9] declaration that density in the z direction is independent of that in the r direction was incorporated in modelling circa 1964. [43] . Other panels from [33] : all images are public domain. (e) Schematic r-z cross-section of a containerless oblate spheroid with gradational density. [43] . Other panels from [33] : all images are public domain. (e) Schematic r-z cross-section of a containerless oblate spheroid with gradational density. The density contours are mathematically similar to the object shape. (f) Schematic r-z cross-section of a containerless disk with gradational density, showing perpendicular gravitational forces, F (white arrows), and the centripetal force (black arrow). To differentiate the disk from a discoid, the vertical disk height is designated as "b". For a central concentration, the density contours may differ from the shape of the coordinate system, as indicated.
Yet, Newton demonstrated that spinning homeoids (nested shells, which assemble to form the spheroid; Figure 4a ,b) are equipotential. An equipotential surface necessarily has constant density; otherwise, the excess density regions would create an unbalanced force along the surface. Because the surface has constant ρ, variations in ρ with z depend on variations with r, as follows:
The definition for the oblate spheroid surface (an ellipse in profile) can be used to relate z to r for each surface of the nested homeoids (Figures 3e and 4b) , all of which must have the same ellipticity:
From (3), density perpendicular to the equatorial plane is regulated by the flattening, the exterior radius of the body and the functionality of ρ(r), and therefore, ρ(z) depends on ρ(r) for oblate spheroids. This situation occurs because the oblate is simply a flattened sphere, and so, the only variable is the equatorial radius r, which is related to s, the radius in spherical coordinates.
The additional parameter used to describe ρ(z) imparts a degree of freedom to RC models, which is not present in a self-gravitating system. Consequently, the fits may not necessarily describe the gravitational mass.
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The density contours are mathematically similar to the object shape. (f) Schematic r-z cross-section of a containerless disk with gradational density, showing perpendicular gravitational forces, F (white arrows), and the centripetal force (black arrow). To differentiate the disk from a discoid, the vertical disk height is designated as "b". For a central concentration, the density contours may differ from the shape of the coordinate system, as indicated.
The additional parameter used to describe ρ(z) imparts a degree of freedom to RC models, which is not present in a self-gravitating system. Consequently, the fits may not necessarily describe the gravitational mass. (3)- (6) . Constants were set so that all shapes have the same z intercept and the same b:a or c:a ratio of 1:10. Grey line = slope at apex for Equation (6) . (b-d) Schematics of density variations in the r-z plane for three shapes, using discrete nested layers for visualization of the internal structure, which is actually gradational. Nesting is schematic only. Not shown is the shape associated with the exp(-r/a) sech 2 (z/b) density function (6), which would have pointy apexes, like the bicone, but rounded sides, like the oblate spheroid.
Shape Is Defined by Isodensity Surfaces, Not by the Coordinate System
If a liquid or gas is held within some container, its walls define the surface of the object, and the density of the material is referenced to the coordinate system appropriate for the shape of the container. Rainclouds and astronomical objects have no containing walls, and hence, their surfaces (and shapes) are defined by density contours (and measured by light contours, e.g., [20, 43] (3)- (6) . Constants were set so that all shapes have the same z intercept and the same b:a or c:a ratio of 1:10. Grey line = slope at apex for Equation (6) . (b-d) Schematics of density variations in the r-z plane for three shapes, using discrete nested layers for visualization of the internal structure, which is actually gradational. Nesting is schematic only. Not shown is the shape associated with the exp(-r/a) sech 2 (z/b) density function (6), which would have pointy apexes, like the bicone, but rounded sides, like the oblate spheroid.
If a liquid or gas is held within some container, its walls define the surface of the object, and the density of the material is referenced to the coordinate system appropriate for the shape of the container. Rainclouds and astronomical objects have no containing walls, and hence, their surfaces (and shapes) are defined by density contours (and measured by light contours, e.g., [20, 43] ).
In RC models, two density functions are assumed for the two directions, most commonly an exponential in r and either an exponential or a sech squared function in z. These functions originate in fitting luminosity data of the brighter inner portions of galaxies [45, 46] and do not describe the outer regions where RC data are collected (e.g., [3] [4] [5] ). Measurements of vertical velocities and luminosities are difficult, due to flat geometry of spirals, so the dependence of these variables on z is generally unconstrained.
Regarding the double exponential,
(e.g., [47] ) the surface profile in each quadrant of the r-z plane is defined by equations such as:
which is a straight line in this plane (Figure 4a ). Combining all quadrants yields a bicone (Figure 4d ). For:
(e.g., [48] ) using the contour plot function of Mathematica gives the profile in Figure 4a , which upon rotation about z and reflection about the equatorial plane gives a bi-mosque top (not shown). Figure 4 shows that these contour types differ from the rectangular cross-section of cylindrical geometry. Furthermore, the assumed shape clearly differs from galactic images (Figure 3 ), which closely resemble the ellipsoidal cross-section associated with the equilibrium, spinning Newtonian shape. Assembly of 3D objects from density profiles in RC models are sketched in Figure 4b -d, where we have represented density gradations through discretization. Cylinder shapes are comprised of nested hollow pillboxes with corners, whereas density functions of both (4) and (6) require pointy apexes. Therefore, the geometrical constructs of RC models have unrealistic discontinuities that do not occur in galaxies. Instead, galaxies are reasonably represented by the expected equilibrium oblate spheroid with its continuous and smooth surfaces (Figure 3a -e; diverse images of edge-on spiral galaxies are available on the web [33] ).
By assuming particular density functions, RC models automatically assume a specific object shape. An unrecognized problem is that the functions used provide shapes different from the coin-like shape ( Figure 4 ). Because measurements do not constrain the z dependence of ρ and because RC models err in other ways (below and Section 3), we do not further explore this issue of the assumed shape being inconsistent with both the assumed density and the expected equilibrium shape.
Assumptions Underlying Depiction of RC as Orbits of Test Particles
Mainstream efforts model orbits of a test mass about the object [49, 50] . Hence, efforts have been directed to explain why the observed orbits are not Keplerian, which requires:
where M in is the interior mass for different constituents or components in the galaxy (i.e., stars, gas, bulge, disk, halo, black hole). Equation (7) results from balancing gravitational and centrifugal forces and defines the dynamical mass M dynamic ≡ ΣM in up to some large r where velocity measurements terminate [33, 51] . For (7) to be exact, many unrealizable conditions must be met, which stem from geometry ( Figure 2 ).
•
The interior mass must be spherically distributed, and not spinning, or it would be oblate.
•
The orbital radius r must exceed the radius r used to compute mass, if only by a small amount (δr).
• If the satellite is sufficiently far from the galaxy (Figure 2a ) for the point mass approximation to be valid, then details concerning the shape and density of the galactic interior are immaterial. Although a sufficiently distant satellite would constrain the total galactic mass, available data for extreme distances where the point mass approximation is valid are only possibly met for the Milky Way and Andromeda ( Figure 5 ). However, their proximity alters orbits of their satellites from Keplerian.
• If the satellite is located in the interior (Figure 2b ), then it can be approximated as displacing an element in the galaxy. For large r, this approximation should be reasonable because the effect on displacing interior mass is small. However, for (7) to hold requires that M out is distributed in a spherically-symmetric manner, so that it does not affect interior orbits.
Because the test mass (m) is not part of (7), the mass or density exactly at r is unconstrained in the orbital picture of either Figure 2a or Figure 2b . It has long been known that orbits constrain mass of the central object, but not of the satellites, e.g., [2] .
• Importantly, (7) is based on the moment of inertia equaling mr 2 , which describes a point mass, a ring, or a hollow cylinder with open ends (Table 1 ). This moment does not equal that of any closed 3D shell, including spherical shells and homeoids [40] , or the bicone shell (Table 1) . Notes: For the shells, ∂m rather than m should be used in the integration. Formulae are from [2] or were obtained by integration or differentiation.
Using Poisson's equation to provide M in does not remedy the above problems because it also describes orbits of test particles [49, 50] and therefore implicitly assumes I = mr 2 , which is unconnected with that of closed three-dimensional shells or shapes (Table 1) . Additional issues exist (Section 3).
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• If the satellite is sufficiently far from the galaxy (Figure 2a) for the point mass approximation to be valid, then details concerning the shape and density of the galactic interior are immaterial. Although a sufficiently distant satellite would constrain the total galactic mass, available data for extreme distances where the point mass approximation is valid are only possibly met for the Milky Way and Andromeda ( Figure 5 ). However, their proximity alters orbits of their satellites from Keplerian.
• If the satellite is located in the interior (Figure 2b ), then it can be approximated as displacing an element in the galaxy. For large r, this approximation should be reasonable because the effect on displacing interior mass is small. However, for (7) to hold requires that Mout is distributed in a spherically-symmetric manner, so that it does not affect interior orbits.
• Because the test mass (m) is not part of (7), the mass or density exactly at r is unconstrained in the orbital picture of either Figure 2a or 2b. It has long been known that orbits constrain mass of the central object, but not of the satellites, e.g., [2] .
Using Poisson's equation to provide Min does not remedy the above problems because it also describes orbits of test particles [49, 50] and therefore implicitly assumes I = mr 2 , which is unconnected with that of closed three-dimensional shells or shapes (Table 1) . Additional issues exist (Section 3). [33] ). Andromeda is close, permitting measurement at a great distance from its center. However, r = 400 kpc lies midway between the centers of the Milky Way and Andromeda. Data on Andromeda compiled by Sofue [7] . Data on the other galaxies are from the compilation of Bottema and Pestano [8] who considered these rotation curves (RC) to be collected under optimal conditions. The three galaxies shown have RC similar to the archetypes of non-interacting galaxies [51] , where velocities most typically increase with r and then become flat. The decrease of v with r at large r for Andromeda and NGC 3198 exists in more distant galaxies, but is far less common than the patterns of NGC 1560 or 6503. [33] ). Andromeda is close, permitting measurement at a great distance from its center. However, r = 400 kpc lies midway between the centers of the Milky Way and Andromeda. Data on Andromeda compiled by Sofue [7] . Data on the other galaxies are from the compilation of Bottema and Pestano [8] who considered these rotation curves (RC) to be collected under optimal conditions. The three galaxies shown have RC similar to the archetypes of non-interacting galaxies [51] , where velocities most typically increase with r and then become flat. The decrease of v with r at large r for Andromeda and NGC 3198 exists in more distant galaxies, but is far less common than the patterns of NGC 1560 or 6503.
Shape and Spin
Centers of spiral galaxies spin like tops (~constant angular velocity, ω = v/r), as shown in Figures 1 and 5 . This key feature cannot be explained by the orbital picture [5] , although fits can reproduce this trend with r, through the use of multiple parameters and trade-offs. As r increases past the central region, the observed dependence of v on r first becomes weaker than linear, then approaches a constant at large r, and in the few studies conducted at very large r, v decreases as r increases further ( Figure 5 ). This observed behavior suggests that galaxies should be treated as spinning objects in which internal coherency decreases with radius and in which the dynamics grade from spin of a top into orbits of distant satellites around the spinning top [10] .
The importance of shape to a spinning object, which is described by symmetry elements in group theory, cannot be overemphasized. Shape governs both the moment of inertia and gravitational potential, which respectively are:
where φ is the angle from the equatorial plane (towards the z axis). The relevance of the self-gravitational potential to spin is discussed in [39] and Section 3.2. To illustrate the effect of shape, Table 1 lists values for I for homogeneous density shapes and shells. For very complicated shapes, see [52] .
The ratio of the gravitational potential of a sphere to any other shape does not equal the ratio between their moments of inertia. Hence, the energetics of spin depend strongly on symmetry and shape. Companion papers provide models of spin for oblate spheroid shapes considering internally-varying density for solid bodies [10] and for differentially-rotating bodies [40] . Figure 2 encapsulates why different masses are obtained from spin and orbital models. The simple equations in Figure 2ac for solid bodies provide a total mass for a spinning object that is 2 /3 that of the mass of the central body, if the velocity on the surface of the object is the same as the velocity of the orbiting mass. The equatorial constraint of spin differs from orbits because of the null velocity along the special axis during spin. The absence of energy along the special axis is not accounted for in orbital models, which leads to excess mass and the inference of non-baryonic matter. Such matter has not been detected despite expenditures of billions of dollars over several decades, motivating alternative models [15, [23] [24] [25] [27] [28] [29] . Spin models give a reasonable mass for 14 large galaxies; see the table in [10] . Is this result general?
Mass Associated with Spin and Why This Differs from Mass Based on Orbiting Test Particles
Many extractions of v(r) from Doppler measurements exist, mostly on spirals. Lelli et al. [53] summarize the data on 175 spiral galaxies. Our companion paper lists data on 51 galaxies [40] . The list of Wiegert and English [51] covers non-interacting galaxies. A total of 356 galaxies have published RC curves, as well as distances and luminosity [33] . Figure 6 shows mass calculated from (1) using velocity at the visible edge from the original papers. The calculated value linearly correlates with luminosity in the visible for n = 3/2. The 1:1 correlation for well-characterized galaxies [10] holds for the entire RC data base. Figure 6 mostly shows spirals, but low brightness, edge-on and a few dwarf galaxies are included. These categories describe smaller galaxies: many of these types depart significantly from the trend, which is explained by their large uncertainties in luminosities, velocities and aspect ratios. An estimated uncertainty for the calculation and the measured luminosity of about ±20% is compatible with the spread around the 1:1 fit. A more detailed analysis, considering galactic type, statistics and other density distributions, will be presented elsewhere. (1) to luminosity for all 356 galaxies with RC and luminosity data. Our model assumes coherent spin for a polytropic density function [10] . For consistency, luminosity, redge and aspect ratios were taken from [33] . Velocities at this radius were taken from the literature summarized in [41, 53] . Typically, c/a ranged from 0.1 to 0.2. If the values were not reported, an average c/a of the edge-on galaxies was used.
Images (Figures 1 and 3) show that galaxies are spinning assemblies of gas and stars. Their mass from spin is compatible with their tangential velocity of spin ( Figure 6 ). The observed correlation links the density distribution in spiral galaxies to a polytropic description of the precursor cloud of hydrogen gas. However, it must be recognized that differential spin exists. Thus, the index n does not need to exactly equal 3/2. Nonetheless, Figure 6 shows that the density distribution is similar for all spiral galaxies. These all formed in a similar manner and are all subject to the same forces. The correlation shows that non-baryonic matter is unnecessary to explain galactic dynamics.
Limitations in Applying Poisson's Equation
For any shape object, the theorem of Gauss connects the mass Min enclosed in some surface of interest with the integral of the normal forces (Fnormal) over this surface
where dS indicates a surface element. Note that the Fnormal in (10) represents force on the affected particle per its unit mass, so Fnormal is actually acceleration (e.g., [54] ). The direct link of Fnormal with interior mass is used here to specify how density in Poisson's equation must be computed for compliance with Newton's law. Modern RC models do not actually use Poisson's equation, but instead have adopted a modified form proposed by [30] , e.g., [17, 55, 56] :
This formula from [30] is invalid. First and foremost, the proposal of [30] is inconsistent with the well-known mathematics of partial differential equations. Addition of densities in (11) implies that solutions sum. Use of linear superposition is specifically stated in RC literature [55] . However, superposition (summing) is only appropriate for a homogeneous equation, which Poisson's equation most definitely is not [57] . The behavior of non-homogeneous partial different equations is very well known, and it is Spirals and edge-on galaxies Figure 6 . Comparison of calculated mass from Equation (1) to luminosity for all 356 galaxies with RC and luminosity data. Our model assumes coherent spin for a polytropic density function [10] . For consistency, luminosity, r edge and aspect ratios were taken from [33] . Velocities at this radius were taken from the literature summarized in [41, 53] . Typically, c/a ranged from 0.1 to 0.2. If the values were not reported, an average c/a of the edge-on galaxies was used.
For any shape object, the theorem of Gauss connects the mass M in enclosed in some surface of interest with the integral of the normal forces (F normal ) over this surface
where dS indicates a surface element. Note that the F normal in (10) represents force on the affected particle per its unit mass, so F normal is actually acceleration (e.g., [54] ). The direct link of F normal with interior mass is used here to specify how density in Poisson's equation must be computed for compliance with Newton's law. Modern RC models do not actually use Poisson's equation, but instead have adopted a modified form proposed by [30] , e.g., [17, 55, 56] :
This formula from [30] is invalid.
First and foremost, the proposal of [30] is inconsistent with the well-known mathematics of partial differential equations. Addition of densities in (11) implies that solutions sum. Use of linear superposition is specifically stated in RC literature [55] . However, superposition (summing) is only appropriate for a homogeneous equation, which Poisson's equation most definitely is not [57] . The behavior of non-homogeneous partial different equations is very well known, and it is mathematically proven that solutions cannot be summed [57] [58] [59] . These proofs are not contestable, and all mass models using (11) are therefore invalid.
Second, a fundamental concept of classical thermodynamics is that intensive and extensive variables (properties of the system) behave in different, but specified ways [32, 60] . Intensive variables such as temperature or refractive index do not sum, whereas extensive variables such as mass or energy do sum. Whether a variable is dependent or independent is distinct from these classifications [61] . The concept of intensive variables is essential to understanding components in a system and underlies J.W. Gibbs's circa 1878 phase rule and P. Duhem's theorem of 1898 [61] . For concreteness, we consider the thought experiment of tossing one gold coin into the Pacific Ocean: the summed densities are like gold, but the summed masses scarcely differ from that of the Pacific Ocean. Obviously, summing masses is germane, and the density summation of (11) that is ubiquitous in RC models is suspect.
Minimizing the dark matter component during fitting is needed to provide amounts of baryonic matter compatible with luminosity, e.g., [5, 16, 17, 20] . The arbitrariness of this procedure proves that the density summation is problematic from a mathematical and physical viewpoint.
Third, the correct form for Poisson's equation, stated in terms of the spherical radius (s), is:
Equation (11), with a single density, is not equivalent to (12) , as can be confirmed by transforming coordinates. In detail, from Equation (4)
, where f and g are some functions. This can be redefined as ρ(s) = f (z)ρ(r), where f has no units. Thus, the correct mathematical form for (11) , if densities actually could be summed, would be:
Dehnen and Binney [30] implicitly and erroneously assumed that density in the z direction is constant (f = 1). Fourth, utilizing Poisson's Equation (12) requires that the interior (i.e., the object of interest) is distinct from its surroundings. If the problem to be addressed involves multiple masses, then the effect of their combined forces on some external test mass involves integrating over several surfaces and summing, as illustrated in Figure 2e . For RC, the problem is that both the mass inside (M in ) and mass outside some equatorial radius can affect the particle orbiting at that radius (Figure 2b) , as shown by force models [27] . Unless the mass outside the radius of interest is distributed spherically, or spheroidally if rotating, it contributes a force in addition to that represented by (10) and must be considered with another surface and volume.
Derivation of Poisson's Equation from the Theorem of Gauss
The coordinate-free definition of the divergence [62] is:
where V is volume. Combining (10) and (13) gives:
Furthermore, F = ∇ψ, where ψ is the potential emanating from the interior and is per the mass of an affected particle. There is no need to manipulate (14) further. We simply take the limit.
The existence of an interior mandates that an origin exists. The importance of this origin in applying Poisson's equation is understood by considering three simple cases that describe certain distributions of mass about an origin.
Case 1. For constant density, ρ(r) = ρ in = constant over the volume of interest, then the limit of (14) is obviously −4πρ in G, and large or small volumes pertain. Taking the gradient of (14) obviously produces (12) , and (14) with this limit also reproduces Newton's law via integration.
Case 2. For a point mass at the origin, the limit of (14) is the density at the origin, ρ(r = 0) = ρ 0 , which does not equal the density at some radius that is in reference to the origin, because ρ(r > 0) = 0. For this case, (12) is not reproduced. Yet, integration of (14) yields Newton's law.
Case 3. For a spherically-symmetric interior mass, neither volume, mass, nor density depend on the angular variables θ and φ, but each is only a function of s, the spherical radius. Then, M in = 4π s 0 q 2 ρ in (q)dq and V = 4π s 0 q 2 dq where q is a dummy variable. If one shrinks the volume around some arbitrary point, the density indeed becomes the density at that point; but, the potential that we wish to compute pertains to the mass about the origin, not the mass about some random point in space. Clearly, the limits of M in and V cannot be taken separately. Instead, the limit must be taken of the ratio M in /V:
The resulting limit of ρ in,ave (s) is valid for any s, regardless of whether the mass reaches s or not. An important example is a planet or star, where the density drops to zero or grades to zero at the outermost body radius, and the interest is the motion of some object at s that exceeds the body radius. If the mass does not reach s, then the average is lower than if the mass touches the radius of interest. Equation (12) with ρ = ρ(s) is not general under spherical symmetry because ρ in,ave (s) does not equal ρ(s) unless density is constant over the entire volume. Importantly, using (15) in (14) reproduces Newton's law, regardless of how density is specifically distributed with radius [2] .
General case: We now consider a less regular interior mass distributed about a fixed origin. If θ (dummy variable θ ) is the angle in the equatorial plane and φ (dummy variable φ ) refers to the angle perpendicular to the plane and the object is symmetrical with respect to the plane, then by definition:
Density being distributed with an angular dependence (e.g., cylinders or bicones) makes such integrations complicated, but the relevant density is still the average. For problems where density is not radially symmetric, the surface of choice may not be the sphere. For this situation, using the theorem of Gauss is more straightforward than using Poisson's equation. Nonetheless, Poisson's equation for a mass distribution about some origin and isolated in space under spherical-polar coordinates is:
where the average is computed from (16a) in the spherical-polar coordinate system. If spherical symmetry exists, Newton's law is obtained. Again, if mass is distributed spherically outside, then the above holds.
If another coordinate system better describes the mass, then the average should be computed over the appropriately shaped volume, and the divergence involves the analogous coordinate system. For the case of axisymmetric geometry and an isolated mass, by definition:
Due to the nature of the shape, both the r and z dependence of density must be specified. The condition of isolation is not needed if the exterior mass is distributed spheroidally and rotating. The complexity of (17) is consistent with the axisymmetric version of Poisson's equation being difficult to solve [63] even under constant density.
Previous Derivations
Previous derivations (e.g., [54] ) manipulate the theorem of Gauss by first converting (10) to a volume integral, which provides divFdV = −4πGM, and then, allow the volume to shrink about a point, which provides div F = −4πGρ, leading to (12) . This approach only describes the field emanating from some tiny volume, which does not necessarily contain the origin, and further assumes no other mass exists, unless it is radially symmetric about that point. Errors in this approach are, first, that the limit is not taken of the ratio M in over V, but of each independently, and second, that the connection of the potential with a specific origin is lost. Only for constant density is this approach valid.
Some Implications and an Example
Using Equation (11) in RC models thus sets two conditions. First, constant density for the interior is presumed, which is the source of overly large dynamical mass. Second, a line source of mass is presumed when z is neglected or small in order for forces in the plane to balance (detailed in Sections 3.3 and 3.4).
To again emphasize the importance of the central reference point (the origin), we compare the gravitational potential for the three-body problem [64] to the potential originating from the center of mass affecting a distant mass, m 4 :
where subscripts 1-4 refer to individual masses and the distances are particle separations. Equation (18) (left) describes the interactions of the three masses: orbits in this system are unlike Keplerian [64, 65] . Equation (18) (right) describes the effect of the configuration of stars in Figure 2e on a distant test mass, m 4 , if the planet and moon masses are negligible compared to any star mass. (Equation (18), right) will provide a Keplerian orbit for m 4 . However, Equation (18) (right) is only valid at large r. The density term in Poisson's equation is associated with the average interior density. To drive this point home, the surface considered in (10) might involve a tiny mass with huge density that is distant from some large object surrounding the origin with much lower density. The force that is experienced by the tiny mass is not that associated with the high density at r, but is associated with the low density of the large mass enclosed in the volume of interest. In other words, the mass providing the field (M in ) is not identical to the mass subjected to the field (m). Hence, the density in Poisson's equation pertains to the interior in Gauss's theorem.
How the average of ρ in should be calculated is not addressed by Poisson's Equation (16b), but is specified by a definition (16a). Additional information or constrains are needed. Using Poisson's equation requires many integrations, four to be precise. The theorem of Gauss, being already cast in terms of mass, avoids the problem of integrating the density, and clearly distinguishes the object providing the force from the test mass subject to the force.
Internal (Self) vs. External Potentials
The fundamental solution of Poisson's equation in spherical coordinates is:
(see e.g., [66] , which explains the connection of fundamental solutions with point masses at the origin). Hidden in the derivation is the requirement of spherical symmetry for mass or density. This result is per unit mass and is equivalent to the ordinary gravitational potential, which describes the attraction between a spherical or point mass M in and an external point mass m:
It is well known that the gravitational potential interior and exterior to an object differ [67, 68] . Equation (18) provides one example of this difference. For emphasis, we now consider the simple case of a sphere whose density is described by a polytropic equation of state. This was derived by Emden [69] to model nebulae and rainclouds and was popularized by Eddington [70] through his models of stellar interiors. For constant density:
where S is the body radius. The numerical factors and masses of (21) differ from (20) , as they must because the gravitational potential inside an object describes all interactions between all particles [67] . Use of exterior potentials in RC models leads to excessive mass. Maclaurin evaluated the double integral of (9) for the oblate spheroid. The result [42] is simple for homogeneous density:
Using (21) in the Virial theorem provides spin periods that are consistent with rapid spin being observed for young stars [39] . Applying (22) to galactic spin provides total mass (in terms of suns) within the visual radius that match the luminosity from that region [10] (in terms of suns, Figure 6 ), whereas considering differential rotation yields densities vs. r that are compatible with astronomical environments [40] .
Logarithmic Solutions to Poisson's Equation Require the Line Source
Modelling galactic disks in cylindrical coordinates (r, z) has led to many potential functions with logarithmic forms (e.g., Table 1 in [6] ). For example,
where the parameters are restricted to a + b > 0 with b > 0 and thus a > 0 [6] . The dependence of velocity on radius for relatively large r is particularly important to RC because this controls the amount of dark matter. However, (23) does not reduce to the correct limit of Equation (19) for orbits at very large r (and z = 0), far beyond RC measurements, that are associated with a massive central point and Newton's law.
The correct limit for a point source is not provided in RC models because cylindrical coordinates actually describe a line source when only the r dependence is considered (Figure 2d ). Elementary physics textbooks provide a mathematical analysis of the analogous problem of describing the electric field around a line of charge [2] . This conclusion can also be reached by considering the shape of the volume element (Figures 3f and 4d) , which remains cylindrical as r shrinks, while z is unchanged, and the requirement of Poisson's equation that the surface encloses a three-dimensional volume. This conclusion is also evident in (17a),(17b).
Thin Disks
Many papers on galactic rotation view spiral galaxies as thin disks [6] . It is valid to use this approximation in force calculations of distributions [27] [28] [29] , but applying Poisson's equation to the equatorial plane is invalid, because this surface does not enclose a volume, e.g., [54] .
Applying Poisson's equation to the equatorial plane within a rotating galaxy differs in a subtle way. This approach implicitly assumes infinitely tall cylinders and an infinitely tall line mass source along the z axis. The moment of inertia for the point mass is the same for a tall cylinder. Furthermore the density as a function of z does not enter directly into the fitting, but as used in existing RC models, provides one unconstrained free parameter for each postulated, non-spherical mass component. Good fits obtained in RC models are predicated on incorrect physics.
Vertical Gravitational Instability Inherent to Cylindrical Coordinates
The oblate spheroid is gravitationally stable, so that v(z) = 0 at any point. Tangential velocity at a general point is complicated, but the angular velocity of every homeoidal shell is constant, even during differential rotation, because these are equipotential (Newton's homeoid theorem; also see [40] ). Thus, given a measured RC, one can use (2) to establish angular velocity anywhere, from the coordinate point and the velocity at the intercept of the relevant homeoidal shell on the radial plane.
Other shapes can be analyzed. These are unstable and will have vertical velocities and accelerations. The theorem of Gauss is simple for cylindrical coordinates when radial symmetry exists, because the relevant normal forces are orthogonal. For example, for the cylinder, F z acts on only the top and bottom faces, while F r acts only on the cylinder walls. Accounting for F z above the equatorial plane pointing in the negative direction and conversely, we simplify (10) to provide positive, scalar mass:
where a and b represent disk radius and height. Simplifying (24) gives:
This simplicity permits evaluating vertical instability. We provide approximate relationships in order to understand the general behavior.
Instability of the Thin Disk: A First Approximation
Coin-like shapes underlying RC models are highly amenable to analysis. For a relatively thin disk, F r should not depend strongly on z, permitting further simplification of (25) to:
If the disk is rotating, then centrifugal force should balance gravitational pull. Roughly, but not exactly, F r = GM in /a 2 = v 2 edge /a since b/a is small. No such balance exists in the z direction. Equation (26) 
As a first approximation, we consider a rough average for F z :
Equation (28) actually depicts acceleration because F is defined per mass of the test particle. Hence,
To simplify (29), we assume that v z,average = 0 at t = 0, integrate and recognize that 2πa/period = v edge . Furthermore, let t = n × period, where n can be a fraction of a revolution or a multiple, giving:
Thus, within some fraction of a revolution, the average velocity in z exceeds the tangential velocity at the edge. Collapse occurs, roughly, before a thin disk-shaped galaxy can complete a revolution. The coin-like shape is highly unstable due to the decoupling of the vertical from the radial forces and to the axial rotation (spin) providing opposition only in the radial direction.
Vertical Instability of the Disk in Analytical Models of RC
Evans and Bowden [6] provide an analytical form for the unopposed force in the z-direction. Although they considered orbits, not spin, their result is illuminating. Since their force is per mass, the vertical acceleration is actually provided. Towards the plane:
where v 0 2 = GM dyn /a is tangential v r associated with the point mass limit of (7). The RHS approximation assumed a flat disk (b/a < 0.1) and considers the upper surface (z = b) and r~a, where v r~v0 . We integrate (31) assuming stationary faces at time t = 0. The RHS provides:
The RHS of (32) uses the fact that time is proportional to the period of galactic rotation: t~n2πa/v 0 , where n is the number of revolutions. Thus, before the galaxy completes a single revolution, v z near the edge exceeds v 0 . Because b < a, the disk corners will collapse before even one revolution is completed, as above. Repeating this exercise for r = 0 and z = b gives larger v z~v0 2 t/(a √ 2). The faces collapse faster at their centers because these are closer to the center of mass. Note that provision of a bow-tie profile, rather than the oblate, is caused by [6] considering orbits, not spin.
No evidence suggests that large vertical velocities exist in galaxies. Interestingly, our analysis suggests that a rotating disk-shaped galaxy cannot exist, unless it is infinitesimally thin, or infinitely tall. The underlying problem is that neither the hollow pillbox, nor bicone shapes, defined by density variations in a cylindrical system, can be equipotential surfaces under Newtonian physics.
Triggered Collapse of Nebulae to Form Planar Systems
The similarly flat shapes of the Solar System and spiral galaxies suggest commonalities exist in their formation mechanisms. We therefore discuss the formation of the Solar System, where more information is available to evaluate such models.
Popular models of the formation of the Solar System involve fractal assembly of increasingly larger objects through energetic, high speed (>km/s) collisions, which oddly are assumed to be constructive [71] [72] [73] . Fractal models do not conserve angular momentum, do not address how small particles of dust coagulate and do not explain how ballistic impacts, which are destructive in nature, result in planetary growth. Neither do these models explain observed regularities such as orientation and handedness in axial spin and why planar orbital motions are circular and concentric. The models are motivated by the scarred surfaces of planets and moons, but these features bear witness to multiple impacts that occurred during the final stages of accretion, not to the early stages when the bodies formed and grew.
Conservative formation of the Solar System from the collapse of a dusty gas cloud explains the regularities in planetary spin and orbits [38] . Incorporating the Virial Theorem of Clausius further restricts energies, reducing the axial spin energy by a factor of 1 2 , which provides better agreement with the spin of young stars [39] . This model is based on the well-known conversion of potential to kinetic energy [2] , which is followed by time-dependent heating when the motions involve friction. The planar geometry of the Solar System was proposed to occur as "pancaking," i.e., vertical collapse of the spinning nebula. The mechanism tentatively offered [38] to explain the vertical nature of the collapse that formed the dusty planets, as opposed to contraction about a point, which formed the gassy Sun, was dust particle collisions. Contractive collapse was discussed in terms of the stability of the nebulae, whereby thermal kinetic motions oppose the gravitational inward pull. Because thermodynamic principles show that either cooling of the nebulae or injection of mass will cause contraction, we used the time-dependent Virial theorem to explore the collapse. However, this formulation contains errors [39] , and hence, the vertical and catastrophic nature of nebular collapse warrants further exploration.
A stably-spinning nebula, no matter how large, must have an equilibrium shape: Maclaurin's oblate spheroid describes the shape accompanying slow rotation. If an injection occurs, as suggested by chemical compositions of planetary material, which further accounts for short-lived isotopes [74] , not only is the mass increased, which affects the thermal-kinetic and gravitational balance [38] , but the shape is altered, which affects the rotational and gravitational balance. Gravitational forces changing in the radial direction can be accommodated by changes in rotational velocity, but changes of gravitational forces in the azimuthal direction are essentially unopposed, therefore triggering vertical contraction (Section 4). Because the process involves rapid velocities, as shown above, vertical collapse occurs within a short period of time and forms a plane with the sense of nebular rotation and velocities preserved in the planetary orbits.
Nebulae are inherently instable because these lack a containing surface, and so molecules that have higher kinetic energy than the average can diffuse out [38] . If the oblate shape is maintained while the hot molecules leave, the cloud shrinks as it cools and spins up as potential energy is converted to kinetic energy. The temperature of the cloud depends on a radiative balance between incoming light from stars and losses of heat due to diffusion of photons and hot molecules. If the incoming radiation and/or the losses alter the equilibrium shape, vertical collapse will occur. As discussed previously [38] , dust particles and molecules, as well as ices, are heavy and slow moving and are more prone to collapse than the low mass, energetic H 2 and He molecules. Thus, dust and ice constituents cause a disk that is dustier than the remaining 3D nebulae to form first by collapse. The contraction that follows this collapse is to the center, as required by Newton's law, thereby yielding the Sun.
The flat forms of spiral galaxies, which are young, are consistent with vertical collapse of a much, much larger cloud of gas and dust than that of the presolar nebula associated with our Solar System. The process of collapse and evolution is slow, due to the great distances involved, providing complexity beyond that present in our simple Solar System. Importantly, because galactic processes are slow and occur over enormous scales, the equilibrium oblate shape closely resembles spiral galaxies. Departures from that shape yield superimposed details (bulge, rings and arms), which create the beauty and variety of galactic images [33] .
Conclusions
From textbook resources and analytical mathematics, we have demonstrated that mainstream models of galactic rotation curves are inconsistent with the theorem of Gauss, Newton's homeoid theorem, geometrical constraints, and mathematical techniques used to solve Poisson's and similar equations. Their errors in mathematical physics are summarized as follows:
• Use of the cylindrical coordinate system to model RC implicitly assumes that an infinite line of mass exists along z at r = 0. The large inferred mass of non-baryonic matter is closely connected with the required, but unrealistic, line source.
•
Decoupling density in the z and r directions induces one unconstrained parameter in the fitting models for each of several postulated mass components. Hence, "good" fits to rotation curves involve several free parameters and do not validate RC fitting models.
Because the calculated orbits in the equatorial plane do not account for orbital dependence on z, a hidden assumption in RC models is that rotating concentric cylinders describe galactic motions. Therefore, the assumed shape is implicitly the tall cylinder, not the flat coin.
• Density functions assumed in RC models conform to neither cylindrical, nor oblate spheroidal shapes, whereas the latter closely resembles spiral galaxies. The shapes implied by the assumed density functions are further inconsistent with the assumed moment of inertia.
• Instability exists in all RC models because the assumed isodensity surfaces are not equipotential, except in the spinning, oblate spheroid. We considered vertical stability and showed that this effect is huge. We estimate that vertical collapse would occur within about one galactic revolution.
Because orbits are considered, neither the mass, nor density at the radius of interest are constrained.
• Importantly, Poisson's equation is not actually used: instead the erroneous modification from [30] is employed. Referring to Poisson's equation as the basis of RC analysis conceals the above problems. This equation describes the potential emanating from the object. Limitations that accompany use of Poisson's equation in any application are summarized as follows: • The potential must be computed by integrating density with respect to some specific origin, to describe how the mass around that origin affects a test particle at a distance. It is implicitly assumed that either the object is isolated, or that any mass located outside the surface is spherically distributed (if not spinning), or uniformly distributed in each shell of an oblate spheroid (if spinning).
The density in Poisson's equation refers to that of the interior, not ρ at the radius of interest. Equation (16b) presents a revised Poisson's equation with average density defined in (16a) for spherical-polar coordinates. Equation (17ab) concerns cylindrical shapes and coordinates.
As is well known, the surface of interest must enclose a finite volume, and thus, Poisson's equation is inapplicable to the equatorial plane and to thin disks. Any such use in astrophysical problems is either invalid or implicitly assumes an infinite line source of mass along the z axis.
As regards application to RC of galaxies, multiple errors have led to overestimating mass, confusing radial with spherical symmetry (see Equations (11) and (12)), and erroneously superimposing solutions via a questionable density summation. Errors in mathematical physics are the source of the unconfirmed hypothesis that huge halos of dark matter surround spiral galaxies.
In general, symmetry provides an important constraint on the mathematical analysis of periodic motions in 3D space, as is known for orbital motions [39] and for vibrations [1] . Our results suggest utilizing symmetry may permit exploring periodic motions in spacetime geometries. Poisson's equation is limited to the effect of M in inside some volume on some exterior mass that is not included in this volume. This stipulation has multiple repercussions on problems of astronomical and planetary interest regulated by Newton's law in Euclidian geometry. Our findings also apply to motions on any scale. One example is that Earth's outermost layers are not spherically symmetric because huge, dense tectonic plates descend to great depths. Inverse models of Earth's internal structure based on Poisson's equation may be perturbed by this asymmetry. Furthermore, these applications need to be revised so that the requisite average density is utilized.
In problems of rotation coupled with gravitation, the theorem of Gauss has many advantages over Poisson's equation, since the former directly specifies interior mass.
